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ABSTRACT
This manuscript presents a discrete crack approach enabling simulation of the progressive process of
crack localisation and propagation, as well as its interaction with debonding of fibre-reinforced
polymer (FRP) composites from concrete substrates. The numerical approach has been implemented
with a non-iterative algorithm to efficiently overcome convergence difficulties produced by different
sources of material non-linearity, such as concrete crushing and cracking, yielding of steel
reinforcement and debonding of the FRP. The accuracy of the model has been validated against
experimental results carried out on one-way simply-supported FRP-strengthened RC slabs, thus
highlighting the ability of the proposed model to adequately capture the behaviour of the strengthened
slab system.
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INTRODUCTION
Fibre-reinforced polymer (FRP) composites can be used for the strengthening of reinforced concrete
(RC) members although the effectiveness of the FRP can be limited by debonding. Numerous studies
to date have reported the FRP to debond at strains significantly below its rupture strain and this
represents an under-utilisation of the strength and strain capacity of the FRP. Debonding is found to
generally initiate at the base of flexural or flexural-shear cracks in an RC (flexural) member, or at the
FRP plate end (Teng et al. 2003, Oehlers and Seracino 2004, Hollaway and Teng 2008). A real need
therefore exists to understand and quantify the debonding phenomenon. While experiments are
informative, they can become expensive and time consuming. Numerical simulations are therefore
attractive although their development has lagged behind the extensive number of experimental
investigations that have been reported to date. The development of numerical models is challenging
since such models need to be capable of dealing with the interaction between cracking and flexure in
This work is licensed under the Creative Commons Attribution 4.0 International License. To view a copy of this license, visit
http://creativecommons.org/licenses/by/4.0/

415

an RC member, with the FRP-to-concrete interface (Foster et al. 1996, Foster and Marti 2003, Pham
and Al-Mahaidi 2007, Khomwan et al. 2010, Loo et al. 2012).
In this context, this manuscript presents the development of a numerical model based on the discrete
crack approach. A non-iterative algorithm is applied to avoid convergence difficulties associated with
the material non-linearity arising from concrete crushing and cracking, the yielding of steel
reinforcement and debonding of the FRP. An energy criterion is applied which enables the load path to
be identified, which in turn leads to the maximum dissipation of energy. In the following sections, the
model is described in detail and validated against experimental results carried out on one-way simply
supported FRP-strengthened RC slabs (Smith et al. 2011, 2013).
IMPLEMENTATION
In-house finite element software is herein used which adopts embedded discontinuities to simulate
discrete fracture in concrete. Microcracking is supposed to localise in a surface of discontinuity as
soon as the tensile strength of the material is reached (Wells and Sluys 2001). Then, the crack
progressively undergoes softening as damage progresses (Hillerborg et al. 1976) and it is assumed that
the opening is transmitted to its neighbourhood by a rigid body motion (i.e. both translation and
rotation). In this case, it can be shown that the variational principle governing the problem is:
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where  is the body containing the discontinuity,  d , and subjected to quasi-static body forces b
and stresses t distributed over the external boundary

 t ;  is the stress tensor and t  is the stress

across the crack; u / is the opening of the crack; u is the total displacement field resulting from the
regular displacement, û , and the displacement due to the opening of the discontinuities is u .
The discretised equations at the element level can be directly derived from Eqs. (1) and (2) as:
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ââ
da e 


T
 


e
e
e
ek
e
e
e
e
e
 K
K ww  K d  K p  
  df w  H  M w df̂ 
 dw 
wa









d

(3)

where a e are the nodal degrees of freedom associated with the total displacement; w e is the nodal
opening of the discontinuity; K âeâ is the stiffness of a regular finite element; K ed is the stiffness of the
e
e
, K aw
and K eww are matrices coupling the bulk element with the embedded
discontinuity; K aw

discontinuity; and f̂ e and f we are, respectively, the regular nodal forces and the forces at the



e
eT
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is the matrix transmitting the opening of the discontinuity to the boundary nodes of
In Eq. (3), M ek
w
the element, whereas K ep is a penalty matrix enforcing constant shear jump along each discontinuity.
A detailed description of this procedure is provided by (Dias-da-Costa et al. 2010).
A discrete crack is introduced or propagated according to the Rankine criterion. For that purpose, the
first principal stress is smoothed using an average support length of two or three times the typical
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element size, as described in (Wells and Sluys 2001). Existing crack fronts are propagated from the
crack tip and are oriented orthogonally to the first principle direction. In addition, new crack fronts are
introduced at the centre of the bulk finite element whenever the first principal stress reaches the tensile
strength. With regards to the implementation herein utilised, only one crack is allowed for each bulk
element.
The resulting system of equations is solved using the Non-Iterative Energy Based Method (NIEM)
(Graça-e-Costa et al. 2012, 2013), since it is capable of dealing with different sources of material nonlinearity. For that purpose, an incremental analysis is performed until critical bifurcation points are
found. Then, these points are overcome by switching to a total approach, where damage is prescribed
according to the material behaviour observed before disregarding the wrong solution. At each step, an
energy criterion allows selection of the path leading to the highest dissipation of energy (Gutiérrez
2004).
VALIDATION
The numerical framework is validated using experimental results obtained on simply-supported oneway spanning RC slabs (Smith et al. 2011, 2013). A total of 4 slabs are considered herein. Two slabs
represent the reference unstrengthened situations (i.e. specimens S1 and S2.1), while the two
remaining slabs represent the FRP-strengthened specimens (i.e. S2 and S2.2).
The structural layout and the testing arrangement, with two line loads applied at 200 mm from midspan, are shown in Fig. 1. The concrete for specimens S1 and S2 has a compressive cube strength of
51.7 MPa, a tensile strength of 3.3 MPa and a Young’s modulus of 28.4 GPa. For specimens S2.1 and
S2.2, the corresponding values are 39.9 MPa, 2.7 MPa and 26.9 GPa, respectively. The steel
reinforcement consists of two 10 mm diameter bars as illustrated in Fig. 1b, with yield stress and
Young’s modulus of 566 MPa and 198 GPa, respectively. The unanchored but bonded FRP plate is
formed by a wet lay-up procedure from three layers of carbon fibre sheet. The nominal thickness of
each fibre sheet for specimen S2 is 0.166 mm, while the tensile strength at rupture and Young’s
modulus of the FRP are 3163 MPa and 239 GPa, respectively. For specimen S2.2, the nominal
thickness of each fibre sheet, tensile strength at rupture and Young’s modulus of the FRP are,
respectively, 0.131 mm, 3644 MPa and 232 GPa.

(a)

(b)

Figure 1. (a) Structural scheme and adopted finite element mesh; (b) cross-section.
The adopted finite element mesh is shown in Fig. 1a. Bilinear elements are used for the concrete with
an elastic and perfect-plastic constitutive law under compression. In the case of tensile stresses, the
bulk is linear elastic and the embedded discontinuity follows a bilinear softening traction-separation
law. Both steel and FRP are modelled using truss elements, elastic and perfect plastic in the case of
steel and linear elastic in the case of FRP. Standard interface elements are used to connect the steel
and FRP elements to the concrete in order to simulate the bond behaviour. In the case of steel, the
constitutive model proposed in Model Code 2010 is adopted (fib 2013), whereas the simplified model
proposed by (Lu et al. 2005) is utilised for the FRP.
Fig. 2 compares both experimental and numerical results in terms of load versus displacement
responses. It can be concluded that the model is capable of predicting the behaviour of both
unstrengthened and strengthened specimens, as well as adequately identifying the initial stiffness,
cracking load and tension-stiffening effect. In the case of strengthened specimens, a sudden load drop
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is observed just after the peak load is reached. This is caused by the debonding of the FRP. After that,
the structural response is identical to the one observed for the reference unstrengthened specimen. The
schematic representation of the crack pattern is shown in Fig. 3 for slab S2.

(a)

(b)

Figure 2. Load vs. displacement curves for specimens: (a) S1-S2; and (b) S2.1-S2.2

(a)

(b)

Figure 3. Crack pattern after the peak load for specimen S2: (a) representation of all embedded cracks
(displacements magnified 10x); and (b) representation of active cracks (displacements magnified 2x).
PARAMETRIC STUDY
This section presents a brief parametric study on the performance of FRP-strengthened slabs that
highlights the influence of the number of layers of carbon fibres sheet, as well as the bond length on
the overall structural response. The comparisons have been carried out using the numerical model
previously developed for specimen S2 as reference (i.e. with three layers of 2200 mm FRP, see Fig. 1a)
and varying the FRP arrangements as discussed in the following sub-sections.
Number of FRP Layers
Different strengthening layers of FRP have been considered and these have been varied between one
to four layers of carbon fibre sheet. The corresponding load versus displacement curves are shown in
Fig. 4a.
The obtained results highlight that by increasing the number of layers, the maximum load increases
almost linearly (see Fig. 4b). Conversely, the displacement at the maximum load of the structure
decreases significantly, as can be observed in Fig. 4a.
Bond Length
The bond between the FRP plate and concrete substrate is a critical element in the behaviour of the
strengthened member. To identify how this parameter changes the structural behaviour, different bond
lengths are considered, ranging from 1040 to 2200 mm. Fig. 5 shows the structural response for all
models.

ACMSM23 2014

418

(a)

(b)

Figure 4. Number of layers of CFRP: (a) Load vs. displacement; and (b) peak load and corresponding
displacement vs. number of layers.

(a)

(b)

Figure 5. Bond length: (a) shorter anchorage length; (b) longer anchorage length.
Figs. 5 and 6 highlight that an increase in strength is exhibited by the strengthened slab with FRP
sheets up to a length of about 1600 mm (i.e. 2/3 of the clear span). After this length, no additional
strength benefit is observed. This represents an optimum retrofitting strategy for strength.

(a)

(b)

Figure 6. (a) Maximum load vs. bond length; (b) vertical displacement at peak load vs. bond length.
CONCLUSIONS
This manuscript has presented a computational approach for the simulation of the behaviour of FRPstrengthened slabs. This approach was developed using a discrete crack approach with the finite
element formulation relying on embedded discontinuities in the simulation of fracture propagation and
localisation in concrete elements. The adopted non-iterative solution-finding algorithm NIEM
provided an adequate representation of the structural response, effectively avoiding the usual
convergence difficulties found with classic iterative procedures.
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Comparison with experimental results has shown that the model is capable of predicting the overall
structural response, including the development of cracks, tension-stiffening effects and the sudden loss
of load carrying capacity produced by the debonding process. A brief parametric study was carried out
to illustrate the sensitivity of the strengthened slab for different FRP arrangements.
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